Abstract. We examine groups whose resonance varieties, characteristic varieties and Sigma-invariants have a natural arithmetic group symmetry, and we explore implications on various finiteness properties of subgroups. We compute resonance varieties, characteristic varieties and Alexander polynomials of Torelli groups, and we show that all subgroups containing the Johnson kernel have finite first Betti number, when the genus is at least 4. We also prove that, in this range, the Iadic completion of the Alexander invariant is finite-dimensional, and the Kahler property for the Torelli group implies the finite generation of the Johnson kernel.
Introduction and statement of results
The natural Aut(T )-symmetry factors through Out(T ), for a good number of invariants of a group T . The simplest examples are the abelianization, T ab , and the quotient of T ab by its torsion, T abf . More well-known examples are provided by the cohomology ring H
• T := H • (T, C) and the graded Lie algebra associated to the lower central series, G • (T ) := gr • T ⊗ C.
Our starting point in this work is to consider a group epimorphism, p : Γ ։ D, with finitely generated kernel T , and to examine three other known types of invariants with natural outer symmetry, through the prism of the D-symmetry induced by the canonical homomorphism, D → Out(T ). Firstly, we look at the resonance varieties R i k (T ) (i.e., the jump loci for a certain kind of homology, associated to the ring H
• T ), sitting inside H 1 T ; they are reviewed in Section 3, and their outer symmetry is discussed in Remark 3.1. Secondly, we inspect the characteristic varieties V i k (T ) (i.e., the jump loci for homology with rank one complex local systems), lying inside the character torus T(T ) := Hom(T ab , C * ), and their intersection with T 0 (T ) := Hom(T abf , C * ); their definition is recalled in Section 5, and their outer symmetry is explained in Lemma 5.1. Finally, we recollect in Section 6 a couple of relevant facts about the Bieri-Neumann-Strebel-Renz (BNSR) invariants, Σ q (T, Z) ⊆ H 1 (T, R) \ {0}, and we point out their outer symmetry in Lemma 6.1. Our choice for the types of invariants was dictated by the fact that each of them controls a certain kind of finiteness properties. We begin with resonance, for which this relationship seems to be new. We devote Section 4 to the analysis of the connexions between triviality of resonance and finiteness of various (completed) Alexander-type invariants, for finitely generated groups.
Our motivation comes from the Torelli groups, T g , consisting of the isotopy classes of homeomorphisms of a closed, oriented, genus g surface, inducing the identity on the first Z-homology group of the surface. Their finite generation was proved by D. Johnson [21] , for g ≥ 3. According to Hain [16] , T g is a 1-formal group in the sense of D. Sullivan [36] , for g ≥ 6, but T 3 is not 1-formal.
Note also that the full mapping class group Γ g is an extension of the integral symplectic group Sp g (Z) by T g , for g ≥ 1:
In particular, the resonance and characteristic varieties of T g , as well as its BNSRinvariants, acquire a natural Sp g (Z)-symmetry, for g ≥ 3.
Let K ⊆ T be a subgroup containing the derived group T ′ . Then H 1 K := H 1 (K, C) becomes in a natural way a module over the group ring CT ab , with module structure induced by T -conjugation. Its I-adic completion is denoted H 1 K, where I ⊆ CT ab is the augmentation ideal. When K = T ′ , H 1 K is the classical Alexander invariant from link theory (over C). The technique of I-adic completion was promoted in low-dimensional topology by Massey [28] . Here is our first main result.
Theorem A. Let T be a finitely generated group.
(1) Assume T is 1-formal. Then R Aiming at finer finiteness properties, we go on by examining characteristic varieties, in Section 5. Here, we start from a basic result of Dwyer and Fried [14] , as refined in [31] . It says that the finiteness of Betti numbers, up to degree q, of normal subgroups with free abelian quotient is detected precisely by the finiteness of the intersection between characteristic varieties of type V i 1 , for i ≤ q, and the corresponding connected subtorus of T 0 . Given the D-symmetry of characteristic varieties, we are thus led to consider the following context, inspired by Torelli groups. Let L be a D-module which is finitely generated and free as an abelian group. Assume that D is an arithmetic subgroup of a simple C-linear algebraic group S defined over Q, with Q − rank(S) ≥ 1. Suppose also that the D-action on L extends to an irreducible, rational S-representation in L ⊗ C. (Note that the above assumptions are satisfied for g ≥ 3 by D = Sp g (Z) ⊆ Sp g (C) = S and L = (T g ) abf , due to Johnson's pioneering results on the symplectic symmetry of Torelli groups from [20, 23] .) The D-representation in L gives rise to a natural D-action on the connected affine torus T(L) := Hom(L, C * ).
Theorem B. If the D-module L satisfies the above assumptions, then T(L) is geometrically D-irreducible, that is, the only D-invariant, Zariski closed subsets of T(L) are either equal to T(L), or finite.
We deduce Theorem B from a deep result in diophantine geometry, due to M. Laurent [25] , in Section 5. Note that the conclusion of our theorem above is in marked contrast with the behavior of the induced D-representation in the affine space L ⊗ C, for which S-invariant, infinite and proper Zariski closed subsets may well exist. Theorem B enables us to obtain in Section 5 the following consequences of the triviality of resonance.
Theorem C. Let p : Γ ։ D be a group epimorphism with finitely generated kernel T , having the property that R 1 1 (T ) ⊆ {0}. Assume D ⊆ S is arithmetic, where the C-linear algebraic group S is defined over Q, simple, with Q − rank(S) ≥ 1. Suppose moreover that the canonical D-representation in T abf extends to an irreducible, rational S-representation in T abf ⊗ C. The following hold.
(
T is a non-zero constant, modulo the units of the group ring ZT abf . Note that the computation of characteristic varieties and Alexander polynomials can be a very difficult task, in general. What makes life easier in Theorem C, Parts (1) and (2) , is the arithmetic symmetry. As far as Torelli groups are concerned, we obtain the following results. Denote by K g the kernel of the canonical map, T g ։ (T g ) abf , identified by Johnson in geometric terms in [22] .
Theorem D. Let T g be the Torelli group in genus g ≥ 4. The following hold.
(1) The resonance (in degree 1 and depth 1) is trivial:
Tg is a non-zero constant, modulo units.
We compute resonance varieties of Torelli groups in Section 3. Note that R 1 1 (T 3 ) = H 1 T 3 is non-trivial; this is an easy consequence of a basic result of Hain [16] , who computed the graded Lie algebra G • (T g ), truncated up to degree • = 2, for g ≥ 3. His result, formulated in the category of Sp g (C)-representations, is recorded in Section 2. We obtain the triviality of R Parts (4)- (5) of Theorem D appear to be rather surprising, since the general belief in the literature seems to be that Torelli groups and other related groups should exhibit infiniteness properties; see for instance [15, §5.1] and the survey [17] . Theorem D(4) is a consequence of Theorem C(3), and Theorem D(5) follows from Theorem A (2) . Note that the finite-dimensionality of the (uncompleted) Alexander invariant H 1 (T ′ g , C) cannot be deduced from Theorem D(2), since (T g ) ab contains non-trivial 2-torsion, according to Johnson [23] . To the best of our knowledge, the finiteness of
) is an open question. Theorem D(4) solves two of the most popular finiteness problems related to Torelli groups, as recorded in Farb's list from [15] : for N = K g , we answer Question 5.2 (over C); the general case (K g ⊆ N ⊆ T g ) settles Problem 5.3 (at the level of first Betti numbers).
According to [6, erratum] , the finite generation of K g is an open question, for g ≥ 3. Another important problem concerns the Kahler property: is T g a Kahler group (that is, the fundamental group of a compact Kahler manifold)? The answer is negative, in low genus: T 2 is not finitely generated, as proved by McCullough and Miller [29] , and T 3 violates the 1-formality property of Kahler groups, established by Deligne, Griffiths, Morgan and Sullivan in [10] . Theorem 4.9 from [15] states that T g is not a Kahler group for g ≥ 2. Since the proof assumed infinite generation of K g , the Kahler group problem is open as well.
We investigate in Section 6 the BNSR invariants, which control the finiteness properties of normal subgroups with abelian quotient [4, 5] . We use their arithmetic symmetry, together with Delzant's description from [11] 
Associated graded Lie algebra
The symplectic symmetry is well-known to be an important tool for the study of Torelli groups. In this section, we review a basic result from Hain's work [16] , related to the symplectic symmetry at the level of the associated graded Lie algebra.
Let Σ g be a closed, oriented, genus g ≥ 1 surface. Denote by Γ g the associated mapping class group, i.e., the group of isotopy classes of orientation-preserving homeomorphisms of Σ g . Let Sp g (Z) be the group of symplectic automorphisms of
. The arithmetic group Sp g (Z) is a Zariski dense subgroup of the semisimple algebraic group Sp g (C); see e.g. [33, Corollary 5.16] . The Torelli group T g is the kernel of the natural homomorphism p, which associates to an element of Γ g the induced action on H. The defining exact sequence of the group T g is
R. Hain's starting point is D. Johnson's pioneering work from [20, 21, 22, 23 ], which we review first. In the sequel we will assume that g ≥ 3. In this range, Johnson proved [21] that the group T g is finitely generated. For a group G, we denote by G abf the quotient of its abelianization by the torsion subgroup. Among other things, Johnson [20, 23] 
Setting H(C) = H ⊗ C and L(C) = L ⊗ C, it follows that the canonical representation of Sp g (Z), coming from (2.1), in (T g ) ab ⊗ C ≃ L(C), extends to a rational representation of Sp g (C). This symplectic symmetry propagates to higher degrees, in the following sense.
Recall that the associated graded Lie algebra (with respect to the lower central series) of a group G, gr • G, is generated as a Lie algebra by gr 1 ։ T r+1 , is S-equivariant by construction. For the inductive step, write a = [t, a ′ ], with t ∈ T 1 and a ′ ∈ T q−1 , and use the Jacobi identity to conclude. By Lemma 2.2 and Theorem 2.1, we have a short exact sequence of rational
where β denotes the Lie bracket. Hain [16] computed the associated exact sequence of sp g -modules, where sp g is the Lie algebra of Sp g (C). To describe his result, we follow the conventions from [16, Section 6] . Our references for algebraic groups (respectively Lie algebras) are [19] (respectively [18] ). The Lie algebra of the maximal diagonal torus in Sp g (C) is denoted h, and has coordinates t = (t 1 , . . . , t g ). Let Φ ⊆ h * be the corresponding root system, with the standard choice of positive roots,
+ be the canonical decomposition of the Lie algebra. We denote by B the associated Borel subgroup of Sp g (C) := S, with unipotent radical U; the Lie algebra of B is h⊕n + , and the Lie algebra of U is n + . We work with the finitedimensional s-modules associated to rational representations of S. The irreducible ones are of the form V (λ), where the dominant weight λ is a positive integral linear combination of the fundamental weights, {λ
It follows from Theorem 2.1 that gr 1 T g ⊗ C = V (λ 3 ), as sp g -modules. According to [16, Lemma 10.2] , all irreducible submodules of 2 V (λ 3 ) occur with multiplicity one, and
Resonance varieties of Torelli groups
In this section, we use representation theory to compute the resonance varieties (in degree 1 and for depth 1) of the Torelli groups T g , for g ≥ 3, over C.
We begin by reviewing the resonance varieties,
Remark 3.1. It seems worth pointing out that, given an arbitrary group extension (2.2), one has the following symmetry property, related to resonance. By standard homological algebra (see e.g. [8] ), the conjugation action of Γ on T induces a (right)
In this paper, we need to consider only the resonance varieties
, which plainly depend only on the co-restriction of the multiplication map, ∪ :
is a Zariski closed, homogeneous subvariety of the affine space
)). By considering a classifying map, it is immediate to check that
There is a well-known, useful relation between cup-product in low degrees and group commutator, see Sullivan [35] , and also Lambe [24] for details. For a group G with finite first Betti number, there is a short exact sequence,
where cohomology is taken with C-coefficients and d is dual to the Lie bracket β from (2.3). (Note that the only finiteness assumption needed in the proof from [24] is
In what follows, we retain the notation from Section 2. Set V = L(C) * and R = R(T g ). We infer from (2.3) and (3.2) that R ⊆ V is Sp g (C)-invariant. Here is our first step in exploiting the complex symmetry from Theorem 2.3.
Proof. This is an easy consequence of Borel's fixed point theorem [19, Theorem 21.2] , which guarantees the existence of a B-invariant line, C · v ⊆ R. Invariance under the action of the maximal torus implies that v belongs to a weight space of the h-action on V , that is, v ∈ V λ for some λ ∈ h * . Finally, n + · v = 0 follows from U-invariance.
Since −1 belongs to the Weyl group of sp g , all finite-dimensional representations of sp g are self-dual [18, Exercise 6 on p.116]. This remark leads to the following dual reformulation of Theorem 2.3, via (3.2).
as sp g -modules, and the kernel of
Our main result in this section, which proves in particular Theorem D (1), is the following.
The assertion for g = 3 is an immediate consequence of Lemma 3.3, since in this [16] . So, we will assume in the sequel that g ≥ 4 and R(T g ) = 0, and use Lemma 3.2 to derive a contradiction.
Set V (0) = C · z 0 . We will need explicit maximal vectors, v 0 for V (λ 3 ) and u 0 for V (2λ 2 ). To this end, we recall that V (λ 3 ) = ( 3 H/H) ⊗ C, where the sp g -action on
• H is by algebra derivations; in particular,
, and let u 0 be the class of u ′ 0 in 2 V . Using the explicit description of h ⊕ n + from [16, Section 6] , it is straightforward to check that v 0 has weight λ 3 , u 0 has weight 2λ 2 , and n + · v 0 = n + · u 0 = 0. To verify that both v 0 and u 0 are non-zero, we will resort to the Sp g (Z)-equivariant contraction constructed by Johnson in [20, p.235 
where the dot designates the intersection form on H. Set L ′ = ker(C), and
.
Hence, both v 0 and u 0 are non-zero, as needed.
We infer from uniqueness of maximal vectors [18, Corollary 20.2] that necessarily Since n + · v 0 = 0, we conclude that µ 0 is n + -equivariant. Since v 0 ∈ V λ 3 , it follows that
Proof. Taking into account the preceding discussion, the assertion will follow from Engel's theorem [18, Theorem 3.3] , applied to the Lie algebra n + and the n + -module im(µ 0 ) ∩ W . It is enough to check that the action of any n ∈ n + on W is nilpotent. This in turn follows from the fact that ( 
We will finish the proof of Theorem 3.4, by showing that Lemmas 3.5 and 3.6 lead to a contradiction, assuming g ≥ 4 and R(T g ) = 0.
Indeed, in this case there is v ∈ V (λ 3 ) such that
with w 0 ∈ V (0), w ∈ V (2λ 2 ) and n + · w = 0, by Lemma 3.5. If w = 0, then w ∈ C * · u 0 , by uniqueness of maximal vectors. Taking the weight decomposition of v, it follows from (3.5) that we may suppose that w 0 = 0 in (3.6). Therefore, v 0 ∧ u 0 = 0 ∈ 3 V , contradicting Lemma 3.6(1). If w = 0, then v 0 ∧ v ∈ C * · z 0 , for some v ∈ V (λ 3 ) −λ 3 , by the same argument on weight decomposition as before. Since the weights λ 3 and −λ 3 are conjugate under the action of the Weyl group, the weight space V (λ 3 ) −λ 3 is one-dimensional, generated by the class 
Resonance and finiteness properties
We devote this section to a general discussion of finiteness properties related to resonance, with an application to Torelli groups. Unless otherwise mentioned, we work with C-coefficients. For a graded object O • , the notation O means that we forget the grading.
We need to review a couple of key notions. We begin with the holonomy Lie algebra associated to a connected CW-complex M with finite 1-skeleton, H • (M). This is a quadratic graded Lie algebra, defined as the quotient of the free Lie algebra generated by H 1 M, L • (H 1 M), graded by bracket length, modulo the ideal generated by the image of the comultiplication map,
here we are using the standard identification
given by the Lie bracket. Note that the dual of ∂ M is the cup-product,
By considering a classifying map, it is easy to see that
, for a connected CW-complex M with finite 1-skeleton. The associated graded Lie algebra gr • G⊗C, denoted G • (G), is also finitely generated in degree one, but not necessarily quadratic. The canonical identification,
, this factors to a graded Lie algebra surjection, 
Let E k−1 (b(G)) ⊆ P be the elementary ideal generated by the codimension k − 1 minors of a finite P -presentation for b(G). Denote by W k (G) ⊆ H 1 G the zero set of E k−1 (b(G)). The next lemma explains the relationship between the infinitesimal Alexander invariant and the resonance varieties in degree one.
Lemma 4.1. Let G be a finitely generated group. Then the equality
holds for all k ≥ 1.
Proof. We know from [30, Theorem 6.2] that b(G) = coker(∇), as P -modules, where
and the P -linear map δ 3 is given by
By linear algebra, we infer that z ∈ W k (G) if and only if dim C coker(∇(z)) ≥ k. Consider the exact cochain complex (
• H
Denoting by δ 2 (z) the restriction of ♯ λ z to 2 H 1 G, we obtain from exactness the following isomorphism:
Plainly, the linear map dual to
is, if and only if z ∈ R k (G); see definition (3.1).
We may spell out our first general result relating resonance and finiteness. 
, for some k, by degree inspection. Taking zero sets, we obtain that R
is finitely generated over P , we infer that dim C b(G) < ∞. Theorem 4.2 has several interesting consequences. To describe them, we first recall a couple of notions from rational homotopy theory. A Malcev Lie algebra (in the sense of Quillen) is a Lie algebra endowed with a decreasing vector space filtration satisfying certain axioms; see [32, Appendix A], where Quillen associates in a functorial way a Malcev Lie algebra, M(G), to an arbitrary group G. Following Sullivan [36] , we say that a finitely generated group G is 1-formal if M(G) is the completion with respect to degree of a quadratic Lie algebra, as a filtered Lie algebra. In Theorem 1.1 from [16] , Hain proves that the Torelli group T g is 1-formal, for g ≥ 6 (but T 3 is not 1-formal). Fundamental groups of compact Kahler manifolds are 1-formal, as shown by Deligne, Griffiths, Morgan and Sullivan in [10] . Many other interesting examples of 1-formal groups are known; see e.g. [13] and the references therein.
Next, we review the Alexander invariant, B(G) = G ′ ab ⊗C, associated to a finitely generated group G. The exact sequence of groups
may be used to put a finitely generated module structure on B(G), induced by conjugation, over the Noetherian group ring CG ab . We denote by I ⊆ CG ab the augmentation ideal, and by B the I-adic completion of a CG ab -module B.
Given a graded vector space V • , V • means completion with respect to the degree filtration:
, where π q : V • → V/F q is the q-th projection of the inverse limit. The next corollary proves Theorem A(1). In the particular case when G is nilpotent, the condition dim C B(G) < ∞ is automatically satisfied, since G ′ is finitely generated. We recover in this way from Corollary 4.3 the resonance obstruction to 1-formality of finitely generated nilpotent groups found by Carlson and Toledo in [9, Lemma 2.4]. We refer the reader to Macinic [27] , for similar higher-degree obstructions to the formality of a finitely generated nilpotent group.
As we shall see below, the main point in Corollary 4.3 is the fact that the finitedimensionality of B(G) forces R 1 1 (G) ⊆ {0}, when G is 1-formal. We point out that 1-formality is needed for this implication. Indeed, let G be the finitely generated nilpotent Heisenberg group with b 1 (G) = 2. As noted before, dim C B(G) < ∞. Yet, the resonance variety R Let G be an arbitrary finitely generated group, and K ⊆ G a subgroup containing G ′ . Clearly, K is normal in G, and G-conjugation makes H 1 K a finitely generated module over the Noetherian group ring C[G/K]. By restriction via the canonical epimorphism, G/G ′ ։ G/K, H 1 K becomes a finitely generated CG ab -module. We may now state our next main result from this section, which proves Theorem A(2).
Theorem 4.5. Let G be a finitely generated group, and
We first treat the particular case K = G ′ , where we know from Theorem 4.2 that the vector space
, composed with the epimorphism (4.1), gives a graded Lie algebra surjection,
It follows from (4.5) that G • (G/G ′′ ) = 0, for • >> 0. On the other hand, we have an isomorphism, (4.6)
for q ≥ 0; see [28, pp.400-401] . We infer from (4.6) that the I-adic filtration of H 1 G ′ stabilizes, for q >> 0. Therefore, dim C H 1 G ′ < ∞, as asserted. For the general case, consider the extension
where A = K/G ′ is a finitely generated subgroup of G ab , and denote by (H 1 G ′ ) A the co-invariants of the A-module H 1 G ′ , noting that the canonical projection,
The Hochschild-Serre spectral sequence of (4.7) with trivial C-coefficients (see e.g. [8, p.171] ) provides an exact sequence of finitely generated CG ab -modules,
By standard commutative algebra (see for instance [2, Chapter 10]), the I-adic completion of (4.8) is again exact. Since dim C H 1 A < ∞, our claim about H 1 K follows from the finite-dimensionality of H 1 G ′ .
The next corollary proves Theorem D(5), thanks to Theorem 3.4.
is the augmentation ideal of the group ring.
Denote by K g ⊆ T g the subgroup generated by the mapping classes of Dehn twists on simple closed curves bounding in the surface Σ g , for g ≥ 3. Another basic result of Johnson, proved in [22] , is that K g = ker(J), where J : T g → L is the Johnson homomorphism. We will improve Corollary 4.6 in the next section, when K contains K g .
Characteristic varieties of Torelli groups
Guided by the interplay between arithmetic and Torelli groups, coming from (2.1), we will examine now groups whose characteristic varieties possess a natural discrete symmetry. We will compute the (restricted) characteristic varieties of T g , in degree 1, when g ≥ 4, and deduce that b 1 (K g ) < ∞.
Our setup in this section is the following. Let
be a group extension, where T is finitely generated and D is an arithmetic subgroup of a complex linear algebraic group S, defined over Q, simple and with Q-rank at least 1. We continue by reviewing a couple of relevant facts related to character tori and characteristic varieties. Let G be a finitely generated group. The character torus T(G) = Hom(G ab , C * ) is a linear algebraic group, with coordinate ring the group algebra CG ab . The connected component of 1 ∈ T(G) is T 0 (G) = T(G abf ). For the beginning, we need to assume in (5.1) only that T is finitely generated. The natural D-representation in T ab (respectively T abf ) induced by conjugation canonically extends to ZT ab and CT ab (respectively to ZT abf and CT abf ). The corresponding left D-action on T(T ), by algebraic group automorphisms, is denoted by d · ρ, for d ∈ D and ρ ∈ T(T ), and is defined by d · ρ(u) = ρ • d −1 (u), for u ∈ T ab . Let now M be a connected CW-complex, with finite 1-skeleton and fundamental group G := π 1 (M). The characteristic varieties V i k (M) are defined for (degree) i ≥ 0 and (depth) k ≥ 1 by
Here C ρ denotes the rank one complex local system on M given by the change of rings ZG → C, corresponding to ρ. When G is a finitely generated group and M = K(G, 1), we use the notation V i k (G). If the complex M has finite q-skeleton M (q) , for some q ≥ 1, it is easy to check that V i k (M) is Zariski closed in T(G), for all i ≤ q and k ≥ 1. It is equally easy to see that V i k (M) depends only on M (q+1) , for i ≤ q and k ≥ 1, when M has finite 1-skeleton and q ≥ 1. In particular,
, where q ≥ 1, in the same range as before, for any M with M (1) finite. We will be mainly interested in the characteristic variety V(G) := V 1 1 (G) associated to a finitely generated group G. Our starting point in this section is the following. Consider
. This leads us to look at a discrete group D acting linearly on a free, finitely generated abelian group L, and examine the D-invariant, Zariski closed subsets W of T(L) = Hom(L, C * ). Besides the trivial case W = T(L), we find a lot of 0-dimensional examples, by taking W to be the subgroup of m-torsion elements of T(L). This raises a natural question: is there anything else?
To present a first answer, we need the following notions. A translated subgroup (torus) is a subset of the character torus T = T(G) of the form t · S, where t ∈ T and S ⊆ T is a closed (connected) algebraic subgroup. Note that the direction of the translated subgroup, S, is uniquely determined by t · S. A Zariski closed subset W ⊆ T is a union of translated tori if each irreducible component of W is a translated torus. A fundamental result, due to Arapura [1] , is that V(G) is a union of translated tori in T(G), whenever G is a quasi-Kahler group, that is, the fundamental group of the complement of a divisor with normal crossings in a compact Kahler manifold.
Lemma 5.2. Let L be a D-module which is finitely generated and free as an abelian group. Assume that D is an arithmetic subgroup of a simple
Proof. We know that each irreducible component of W is of the form t · S, as above. We have to show that dim(S) = 0. To this end, we consider the isotropy group of t · S, denoted D 1 ; it is a finite index subgroup of D.
The D 1 -invariance of t · S forces the direction S to be D 1 -invariant as well. Therefore, the Lie algebra
* . Since D 1 ⊆ S is Zariski dense, it follows that the subspace T 1 S is actually Sinvariant. Hence, T 1 S = 0, due to S-irreducibility.
To improve Lemma 5.2, we need a preliminary result.
Lemma 5.3. Let L be a D-module which is finitely generated and free as an abelian group. Then the subgroup O t of T(L), generated by the D-orbit D · t, is finitely generated, for any t ∈ T(L).
gives the desired conclusion. 
Proof. We first claim that D · t is finite, for every t ∈ W . This is a consequence of a conjecture of Lang in diophantine geometry, proved by Laurent in [25] . We will apply Laurent's results to the closed subvariety W ⊆ T(L) and the subgroup O t ⊆ T(L), which is finitely generated, see Lemma 5.3 . By [25, Théorème 2], we have an inclusion
where the translated subgroup γ · S has origin γ ∈ O t , is contained in W , and γ · S is maximal with these properties. Moreover, there are finitely many such maximal translated subgroups, according to [25, Lemme 4] . Denote by V ⊆ W the right-hand side of (5.3). Since O t is D-invariant, by construction, it follows that V is D-invariant as well. Hence, V must be finite, by Lemma 5.2. Since clearly D · t ⊆ W ∩ O t , we obtain our claim.
Supposing that W is infinite, we may find a smooth point t ∈ W whose tangent space satisfies 0 = T t W = T t T(L). Translating to the origin, we obtain a D tinvariant, proper and non-trivial linear subspace of L(C) * , where D t is the isotropy group of t. By the first step of our proof, D t has finite index in D, which contradicts the S-irreducibility of L(C).
We go on by establishing a relation between characteristic and resonance varieties in degree 1, for finitely generated groups.
Lemma 5.5. Let G be a finitely generated group.
(1) There is a finitely presented group G, together with a group epimorphism,
Proof. Part (1). Let X be a classifying space for G, having 1-skeleton equal to a finite wedge of circles. Denote by {ZG ab ⊗C • X D• → ZG ab ⊗C •−1 X} the cellular chain complex of the universal abelian cover X ab , where
X} is the cellular chain complex of X, over Z. Since the ring ZG ab is noetherian, im(D 2 ) is generated over ZG ab by the images of finitely many 2-cells, say {e 1 , . . . , e r }.
Consider now the comultiplication map, (2) to a map X → X, and consider the induced group epimorphism, φ : G ։ G.
By our choice of the e-cells, we infer that φ induces in turn an isomorphism,
, for any group homomorphism, χ : G → R × , when the ring R is commutative. In particular, our claims on φ ab and characteristic varieties are thus verified. To check the claim on resonance varieties, we may replace G by Y and G by X (2) . From our choice for the e ′ -cells, we deduce that, upon identifying
). By duality, the cup-product maps ∪ Y and ∪ X (2) have isomorphic co-restrictions to the image, which proves our last claim.
Part (2) . Libgober proved in [26] 
, for i ≥ 0 and k ≥ 1, when M is a connected finite CW-complex. This gives the desired inclusion, for G finitely presented. By Part (1), the inclusion still holds for finitely generated groups.
Here is our main result in this section, relating arithmetic symmetry and finiteness properties, which proves Theorem C. Corollary 5.6. Assume in (5.1) that T is finitely generated and R(T ) ⊆ {0}, and D ⊆ S is arithmetic, where the C-linear algebraic group S is defined over Q, simple, with Q−rank(S) ≥ 1. Suppose moreover that the canonical D-representation in T abf extends to an irreducible, rational S-representation in T abf ⊗ C. Then the following hold.
(1) The restricted characteristic varieties V (
Tg is a non-zero constant c ∈ Z, modulo units.
Proof. The condition on resonance is guaranteed by Theorem 3.4. Since
6. Sigma-invariants and the Kahler property
We close by examining groups with natural arithmetic symmetry, at the level of Bieri-Neumann-Strebel-Renz invariants. We first review briefly the definitions and the main properties; for more details and references, see e.g. [31] .
We start with the Novikov-Sikorav completion of a finitely generated group G, with respect to χ ∈ Hom(G, R), denoted ZG −χ . For k ∈ Z, let F k be the abelian subgroup of ZG generated by the elements g ∈ G with χ(g) ≥ k. The completion, ZG −χ , of ZG with respect to the decreasing filtration {F k } k∈Z becomes in a natural way a ring, containing the group ring ZG.
The Sigma-invariants Σ q (G, Z) are defined for q ≥ 1 by
When the group G is of type F P k , the above definition coincides with the one introduced by Bieri and Renz in [5] , for q ≤ k. Note that property F P 1 simply means finite generation of G. The Sigma-invariant Σ 1 (G, Z) of a finitely generated group G, denoted Σ(G), coincides with the one defined by Bieri, Neumann and Strebel in [4] .
It turns out that Σ q (G, Z) is an open (possibly empty) conical subset of H 1 (G, R), for all q ≤ k, when G is of type F P k . Moreover, in this case we have the following fundamental property. Given a group epimorphism, ν : G ։ L, onto an abelian group, ker(ν) is of type F P q , with q ≤ k, if and only if
Here is the analog of Lemma 5.1 for Sigma-invariants. Note also that, when −Σ(G) = Σ(G), Σ(G) = ∅ if and only if there is a finitely generated, normal subgroup N of G, with infinite abelian quotient G/N. Moreover, in this statement G/N may be replaced by Z. Indeed, assuming G/N to be infinite abelian, we infer that Σ(G) = ∅, by resorting to (6.2) . Conversely, we know that the image of Σ(G) in the quotient sphere, (H 1 (G, R) \ {0})/R + , is open and nonvoid. The density of rational points on this sphere [4, p.451] implies then that Σ(G) contains an epimorphism, ν : G ։ Z. By antipodal symmetry of Σ(G) and (6.2) again, ker(ν) must be finitely generated.
Under additional hypotheses, Lemma 6.1 may be used to obtain strong information on finiteness properties. 
Then the kernel K of the natural map, T ։ T abf , is finitely generated if and only if Σ(T ) = ∅.
Proof. According to (6.2), finite generation of K is equivalent to Σ(T ) = H 1 (T, R) \ {0}. Note that our irreducibility assumptions imply that b 1 (T ) > 1. We claim that if Σ(T ) is a proper, non-void subset of H 1 (T, R) \ {0}, then there is a proper, non-trivial linear subspace E ⊆ H 1 (T, R) invariant under the canonical action of a finite index subgroup D 0 ⊆ D. Granting the claim, we may use the fact that D 0 is Zariski dense in S to infer that E ⊗ C ⊆ (T abf ⊗ C) * is S-invariant, a contradiction. Thus, we only need to verify the above claim, in order to finish the proof.
(1) In this case, we know that Σ(T ) = ∪ r i=1 C i , where each C i is a chamber of a non-void, finite hyperplane arrangement A i in H 1 (T, R), and the union is disjoint. By Lemma 6.1, there is a finite index subgroup D 1 ⊆ D such that C 1 ·d = C 1 , for any d ∈ D 1 . Consider the supporting hyperplanes of C 1 , that is, the set S 1 consisting of those hyperplanes E ⊆ H 1 (T, R) with the property that the intersection of E with the boundary of C 1 has non-void interior in E. Standard arguments show that S 1 is a non-void subset of A 1 ; see [7, Chapter V.1] . Clearly, S 1 is D 1 -invariant, so we may choose D 0 to be the isotropy group of an element E ∈ S 1 .
(2) In the second case, the complement of Σ(T ) is the union of a non-void, finite arrangement A of non-trivial, proper linear subspaces of H 1 (T, R). Again by Lemma 6.1, A is D-invariant. Clearly, the isotropy group D 0 of E ∈ A satisfies the desired conditions. Property (1) above is verified by 3-manifold groups (that is, fundamental groups of compact, connected, differentiable 3-manifolds), according to [4] . Property (2) Remark 6.6. In the proof of Corollary 6.4, our strategy involves two steps. Firstly, group surjections T g ։ π 1 (Σ h ) with h ≥ 2 are ruled out with the aid of our result on resonance, from Theorem 3.4. Secondly, we use the symplectic symmetry of Sigmainvariants to prove non-existence of group surjections onto orbifold fundamental groups in genus 1 (or, elliptic pencils with multiple fibers, in the geometric language from [11] ), T g ։ π orb 1 (Σ 1 ). Example 6.5 shows that the second step is needed for the proof of Corollary 6.4.
